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UNIT II
SET Theory:
Basic concepts of Set Theory, Representation of Discrete structures, Relations and Ordering,
Functions, Recursion.

2.0 INTRODUCTION
2.1 BASIC CONCEPTS OF SET THEORY
Set Definition: A collection of well defined objects is called as a set. The object comprising the set is
called elements. We use capital letters to represent sets and small letters to represent elements.
The following are the examples of sets.

1. A battalion of Soldiers

2. Theriversin India

3. The vowels of alphabets

Capital Letters are used to represent the sets where as small letters are used to represent the
elements.
If Ais a set and a is a element belonging to the set a, we write it as a belongsto Ai.ea €A

A functional Concept of set theory is the membership or belongs to a set is called members of the given

set. A set is said to be well defined if it is possible to determine by means of certain rules, whether any
given object is a member of the element.

Representation of sets:

Sets can be represented in two ways

1. All elements are listed, separated by commas and are enclosed by braces
Example:

A={1,2,3,4,5,6} , B={a,b,c,d,e},

The repeated elements in sets are ignored.

2. second method it is defined by specifying a property that elements of the set have

in common.

This can be represented as A: { x|P(x)}
Example: A={a,e,i,o,u} can be represented as A:{x|xis a vowels}
Finite set: If a set contains finite number of elements is called as Finite set and it can be
representedas A:{1,2,3}
Infinite Set: If a set contains infinite number of elements is called as infinite set and it can be
representedas A:{1,2,3, ...}
Null Set: If a set contains no elements is called as Null set and it can be represented as “ & “
null.

A= {x|xis a multiple of 4, x is odd}
Singleton : if a set contains single element is called singleton set
Inclusion and Equality Sets
SUB SET:

A set contain within a set is called Sub set. The contained set is called subset and
containing is a set.
It can be represented as

ACB,IfxeAandX €B

If A is not a subset of B i.e if at least one element of A does not belongs to B then it can be

writtenas A ¢ B.
i.e if a set contains n elements and the total number of subsets are 2" .



SUPER SET
If a set A is a subset of B then it can be written as B is a super set of A and it can be

represented as B 2 A

PROPER SUBSET:
Any subset A is said to be proper subset of another set B is a subset of B, but there is at least

one element of B which does not belongsto Ai.e if AS B butA B.Itcan be represented as A C B.
EQUALITY SET:
Two sets A & B are called as Equality sets if and only if all the elements of A are in Set B and vice
versa and can be represented as A=B.
UNIVERSAL SET:
Is one it includes every set under discussion is called Universal set and represented by E
2.2 RELATIONS and ORDERING

Introduction
The elements of a set may be related to one another. For example, in the set of natural

numbers there is the ‘less than’ relation between the elements. The elements of one set may also be
related to the elements another set.

2.2.1 Binary Relation
A binary relation between two sets A and B is a rule R which decides, for any elements,

whether a is in relation R to b. If so, we write a R b. If a is not in relation R to b, then write as a /R b.
We can also consider a R b as the ordered pair (a, b) in which case we can define a binary relation
from A to B as a subset of A X B. This subset is denoted by the relation R.

Example: In general any set of ordered pairs defines a binary relation.
For example, the relation of father to his child is F = {(a, b) / a is the father of b} In this relation F,

the first member is the name of the father and the second is the name of the child.The definition of
relation permits any set of ordered pairs to define a relation.
For example, the set S given by

S={(1, 2), (3, a), (b, a) ,(b, Joe)}
Definition

The domain D of a binary relation S is the set of all first elements of the ordered pairs in the
relation.

i.e D(S)={a/$S bfor which (a, b) € S}
The range R of a binary relation S is the set of all second elements of the ordered
pairs in the relation.(i.e) R(S) = {b / $ a for which (a, b) € S}
For example
For the relation S ={(1, 2), (3, a), (b, a) ,(b, Joe)}

D(S) ={1, 3, b, b} and
R(S) =12, a, a, Joe}
Let X and Y be any two sets. A subset of the Cartesian product X * Y defines a relation, say C.

For any such relation C, we have D( C) i X and R( C) [ Y, and the relation C is said to from X to Y.
If Y =X, then Cis said to be a relation form X to X. In such case, c is called a relation in X . Thus any
relation in X is a subset of X * X . The set X * X is called a universal relation in X, while the empty set
which is also a subset of X * X is called a void relation inX.



For example
Let L denote the relation “less than or equal to” and D denote the relation “divides” where x D

y means “x divides y”. Both L and D are defined on the set {1, 2, 3, 4}

L=1{(1,1),(1,2),(1,3),(1,4), (2 2),(23),(24),3,3), (3,4), (44)}
D={(1,1),(1,2),(1,3),(1,4),(2,2),(2,4),(3,3), (4 4)}
L¢D={(1,1),(1,2),(1,3),(1,4),(2,2),(24),(3,3),(44)}=D

2.2.3 Properties of Binary Relations:
Definition: A binary relation R in a set X is reflexive if, for every x € X, xR x, That is

(x, X) ER, or Ris reflexive in X 6 (x) (x € X ® x R x).

For example
1 The relation R is reflexive in the set of realnumbers.

2 The set inclusion is reflexive in the family of all subsets of a universal set.
3 The relation equality of set is also reflexive.

4 The relation is parallel in the set lines in a plane.

5

The relation of similarity in the set of triangles in a plane is reflexive.

Definition: A relation R in a set X is symmetric if for every x and y in X, whenever x Ry, then y R x.(i.e)
Ris symmetricin X6 (x) (y) (xEXAyEXAXxRy®yRx}
For example

e The relation equality of set issymmetric.

e The relation of similarity in the set of triangles in a plane issymmetric.
e The relation of being a sister is not symmetric in the set of allpeople.

e However, in the set females it is symmetric.
Definition: A relation R in a set X is transitive if for every x and z in X, whenever xRy andy R z, then

XxRzthatis Ris transitivein X <y (x) (y)(z) ( xEXAYyEXAzZE X A xRyA yRz - xRz
For example

e Therelations <, £,>,2 and = are transitive in the set of real numbers
e Therelations |, 1, E, E and equality are also transitive in the family ofsets.
e The relation of similarity in the set of triangles in a plane is transitive.

Definition: A relation R in a set X is irreflexive if, for every x € X, (x, x)iX.
For example
e The relation <is irreflexive in the set of all realnumbers.

e The relation proper inclusion is irreflexive in the set of all nonempty subsets of a
universalset.

LetX={1,2,3}andS={(1,1),(1,2),(3,2),(2,3),(3,3)}isneitherirreflexivenor reflexive.

Definition:A relation R in a set x is anti symmetricif , for every x and y in X,
whenever X R y and y R X, then X = V.

Symbolically,(x) (y) (xEXAYEXAXRYyAyRx®x=y)

For example



e Therelations £, 3 and = are antisymmetric
e The relation [ is anti symmetricin set ofsubsets.
e The relation “divides” is anti symmetric in set of realnumbers.

e Consider the relation “is a son of” on the male children in a family.Evidently the
relation is not symmetric, transitive andreflexive.

e The relation “is a divisor of “ is reflexive and transitive but not symmetric on the set of

naturalnumbers.

e Consider the set H of all human beings. Let r be a relation “ is married to”
R is symmetric.

e Letl|bethe setof integers. R on | is defined as a R b if a — b is an even number.Ris an
reflexive, symmetric and transitive.

2.2.4 Equivalence Relation
Definition: A relation R in a set A is called an equivalence relation if
= aRaforeveryi.e.Risreflexive

* aRb=>bRaforeverya, b€Ai.e.Rissymmetric

= aRbandbRc=>aRcforeverya,b,c€A,i.e.Ristransitive.
For example
e The relation equality of numbers on set of realnumbers.

e The relation being parallel on a set of lines in aplane.

Probleml: Letus consider the set T of triangles in a plane. Let us definea

R inT as R {ta, b) /(a, b € T and a issimilar

We have to  show that relation R Is an equivalence

Solution :

e Atriangle ais similar to itself. a Ra

e If the triangle a is similar to the triangle b, then triangle b is similar to the triangle a then a

Rb=>bRa

e Ifaissimilarto b and b issimilarto c, then aissimilartoc(i.,e)aRbandbRc=>aR c.

Hence R is an equivalence relation.

Problem 2: Letx={1, 2,3, ... 7}and R = {(x, y) / x —y is divisible by 3} Show that R is an
equivalence relation.

Solution: For any a € X, a- a is divisible by
3, Hence a R a, R is reflexive
Foranya, b €X, if a— b is divisible by 3, then b —a is also divisible by 3,
R is symmetric.
Foranya,b,c€,ifaRbandbRc, thena-bisdivisible by 3 and
b—c is divisible by 3. So that (a — b) + (b — ) is also divisible by 3,
hence a - c is also divisible by 3. Thus R is transitive.
Hence R is equivalence.

relation
tob}

relation



Problem3 LetZ be the set of all integers. Let m be a fixed integer. Two integers a and
b are said to be congruent modulo m if and only if m divides a-b, in which case

we write a 2(mod m). This relation is called the relation of congruence modulo m and we can
show that is an equivalence relation.

Solution

e a-a=0andmdividesa—a(i.e)aRa, (a, a) ER, Ris reflexive.

e aRb=mdivides a-b

m divides b -
ab?2a(mod

m) b Ra

that is R is symmetric.

e aRbandbRc=>a% (modm)andb2c(modm)
O mdivides a—=b and m dividesb-c
a—-b=kmandb-c=Imforsomek,| €z
(a=b)+(b=c)=km+Im

a-c=(k+l)m
a2 ¢ (mod m)

a Rc

OO O O o o o

R is transitive
Hence the congruence relation is an equivalence relation.
2.2.5 Equivalence Classes:

Let R be an equivalence relation on a set A. For any a €A, the equivalence class generated by a is the
set of all elements b € A such a R b and is denoted [a]. It is also called the R — equivalence class and
denotedbya€A.i.e,[a]={bEA/bRa}

Let Z be the set of integer and R be the relation called “congruence modulo 3”
defined by R = {(x, y)/ xi Z U yiZ U (x-y) is divisible by 3}
Then the equivalence classes are

[0]={..-6,-3,0,3,6, ...}

[1]1={..,-5,-2,1,4,7,..}

[2]1={..,-4,-1,2,5,8, ..}
Composition of binary relations:
Definition:Let R be a relation from X to Y and S be a relation from Y to Z. Then the relation R
o SisgivenbyRoS={(x,z) /xIXUzTZUy 1Y suchthat (x,y)TR U (y, z) 1S)} is called the
composite relation of R andS.

The operation of obtaining R o S is called the composition of relations.

Example: Let R ={(1, 2), (3, 4), (2, 2)} and



S={(4,2),(2,5),(3,1),(1,3)}
ThenRoS={(1,5),(3,2),(2,5}andSo R={(4, 2), (3, 2), (1, 4)}
Itis to be notedthatRoS#SoR.
AlsoRo(SoT)=(RoS)oT=RoSoT

Note: We write RoRas R2; RoRo R asR3 andsoon.

Definition
Let R be a relation from X to Y, a relation R from Y to X is called the converse of R, where
the ordered pairs of R are obtained by interchanging the numbers in each of the ordered pairs of
R. This means forx I Xandy 1Y, thatx Ry 6 y R x.
Then the relation R is given by R = {(x, y) / (y, x) T R} is called the converse
of R Example:
Let R ={(1, 2),(3, 4),(2, 2)}
Then R={(2, 1),(4, 3),(2, 2)}

Note: If Ris an equivalence relation, then R is also an equivalence relation.

Definition Let X be any finite set and R be a relation in X. The relation
R+ =R U R2 U R3...in X. is called the transitive closure of R in X

Example: Let R ={(a, b), (b, c), (c, a)}.

Now R2=RoR={(a, c), (b, a), (c, b)}
R3=R2o0R={(a,a), (b, b), (c, c)}
R4=R30R={(a, b),(b,c),(c,a)}=R
R5=R30 R2 =R2 and so on.

Thus, R+=RUR2 UR3 UR4 U...
=RUR2UR3.
={(a, b),(b, c),(c, a),(a, c),(b, a),(c ,b),(a, b),(b, b),(c, c)}

We see that R+ is a transitive relation containing R. In fact, it is the smallest transitive relation
containing R.



Partial Ordering Relations:
Definition
A binary relation R in a set P is called partial order relation or partial ordering
in P iff R is reflexive, anti symmetric, and transitive.
A partial order relation is denoted by the symbol £., If £ is a partial ordering on P,
then the ordered pair (P, £) is called a partially ordered set or a poset.

e LetR be the set of real numbers. The relation “less than or equal to ”or
O ,isa partial ordering onR.
e Let X bea set and r(X) be its power set. The relation subset, [ on X is partialordering.

e Let Sn be the set of divisors of n. The relation D means “divides” on Sn,ispartial

ordering on Sn.

In a Partially ordered set(P, £), an element yiP is Said to cover an element xi P
if x <y And ifthere doesnot exist any elementz 1 Psuch that x £z andz fy;
that is, y coversx Ox <yU (x £z£ y bpX = zU z = y)

A partial order relation £ on a set P can be represented by means of a diagram known as
aHasse diagram or partial order set diagram of (P, £). In such a diagram, each element is
represented by a small circle or a dot. The circle for x 1 P is drawn below the circle for y TP if x

<y, and a line is drawn between x and y if y covers x.

If x <y but y does not cover x, then x and y are not connected directly by a single line.However,
they are connected through one or more elements of P.

Hasse Diagram:

A Hasse diagram is a digraph for a poset which does not have loops and arcs implied by the
transitivity.
Example 10: For the relation{<a,a>,<a,b><a,c><b,b><b,c> <c, c>}onset{a, b,c},
the Hasse diagram has the arcs {< a, b >, < b, ¢ >} as shown below.

Digraph for Partial Order Hazse Dhagram

Ex: Let A be a given finite set and r(A) its power set. Let | be the subset relation on the elements of



r(A). Draw Hasse diagram of (r(A), i) for A={a, b, c}

<

S
Xofo
o



3. Functions
3.1 Introduction

A function is a special type of relation. It may be considered as a relation in which each element of
the domain belongs to only one ordered pair in the relation. Thus a function from A to B is a subset of A
X B having the property that for each a €A, there is one and only one b € B such that (a, b) IG.

Definition
Let A and B be any two sets. A relation f from A to B is called a function if for every a € A there is a
unique b € B such that (a, b) € f.

Note that the definition of function requires that a relation must satisfy two additional conditions
in order to qualify as a function.

The first condition is that every a € A must be related to some b € B, (i.e) the domain of f must be
A and not merely subset of A. The second requirement of uniqueness can be expressed as (a, b) € f A
(b,c)€Ef=>b=c
Intuitively, a function from a set A to a set B is a rule which assigns to every element of A, a unique
element of B. If a €A, then the unique element of B assigned to a under f is denoted by f (a).The usual
notation for a function f from A to B is f: A® B defined by a ® f (a) where a € A, f(a) is called the image
of a under f and a is called pre image of f(a).

e LetX=Y=Randf(x)=x2+2.Df =RandRfIR.

e Let X be the set of all statements in logic and let Y = {True, False}. A
mapping f: X®Y is afunction.

e A program written in high level language is mapped into a machine language by a compiler.
Similarly, the output from a compiler is a function of itsinput.

e LetX=Y=Randf(x) =x2isa function from X ® Y,and g(x2) = x is not a function from X ®Y.

A mapping f: A ® B is called one-to-one (injective or 1 —1) if distinct elements of A are
mapped into distinct elements of B. (i.e) f is one-to-one if

al=a2=>f(al)="f(a2) or equivalently f(a1l) ' f(a2) =>al1'a2
For example, f: N ® N given by f(x) = x is 1-1 where N is the set of a natural numbers.

A mapping f: A® B is called onto (surjective) if for every b € B there is an a € A such that f (a)
= B. i.e. if every element of B has a pre-image in A. Otherwise it is called into.



For example, f: Z®Z given by f(x) = x + 1 is an onto mapping. A
mapping is both 1-1 and onto is called bijective

For example f: R®R given by f(x) = X + 1 is bijective.

Definition: A mapping f: R® b is called a constant mapping if, for all alA, f (a) = b, a fixed
element.
For example f: Z®Z given by f(x) = 0, for all x 1Z is a constant mapping.

Definition
A mapping f: A®A is called the identity mapping of A if f (a) = a, for all alA. Usually it is denoted by
IA or simply I.

3.2 Composition of functions:

If f: A®B and g: B®C are two functions, then the composition of functions f and g, denoted by g o f,
is the function is given by g o f : A®C and is given by
gof={(a,c)/a€EAANCECASbLIB"f(a)=bAg(b)=c}and (g
of)(a) = ((f(a))

Example 1: Consider the sets A={1, 2, 3},B={a, b} and C = {x, y}. Let f: A®
B be defined by f (1) = a; f(2) = b and f(3)=b and Let g: B® C be defined
by g(a) =xand g(b) =y
(i.e) f={(1, a), (2, b), (3, b)}and g = {(a, x), (b, y)}. Then g

o f: A®C s defined by

(gof) (1) =g (f(1)) =g(a)= x

(8o f)(2)=g(f(2)) =g(b) =y

(gof)(3)=g(f(3))=g(b) =y
i.e., gof={(1,x),(2,vy).3 vy}

If f: A® A and g: A®A, where A= {1, 2, 3}, are given by
f={(1,2),(2,3),(3,1)}and g={(1, 3), (2, 2), (3, 1)} Then
gof={(1,2),(2,1), (3, 3)}, fog=1{(1, 1), (2, 3), (3, 2)}
fof={(1, 3),(2, 1), (3, 2)} and gog={(1, 1), (2, 2), (3, 3)}

Example 2: Let f(x) = x+2, g(x) = x — 2 and h(x) = 3x for x T R, where R is the set of real numbers.
Then fo f={(x, x+4)/xIR} fog=
{(x,x)/xTX}g
o f={(x, x)/ xI X}
gog={(x, x-4)/x1X}



hog={(x3x-6)/x1X}hof
={(x, 3x+6)/ x 1 X}

3.3 Inverse functions:
Let f: A® B be a one-to-one and onto mapping. Then, its inverse, denoted by f -1 is given by f - 1 = {(b,
a) / (a, b) 1} Clearly f-1: B® A is one-to-one and onto.

Also we observe that f o f -1 = B and f -lo f = lA.
Iff-1 exists then fis called invertible.

For example:Let f: R ®R be defined by f(x) = x+ 2 Then f -1:

R® R is defined by f-1(x) =x -2

Theorem: Let f: X ®Y and g: Y ® Z be two one to one and onto functions. Then gof is also one to one and
onto function.

Proof
Let f:X ®Y g: Y © Z be two one to one and onto functions. Let x1, x2 T X

e gof(xl)=gof(x2),
g (f(x1)) =g(f(x2)),
e g(x1) =g(x2) since [f is1-1]

x1 =x2 since [ gis 1-1}
so that gofis 1-1.

By the definition of composition, gof : X ® Z is a function.
We have to prove that every element of z 1Z an image element for some x T X

undergof.
Sincegisonto$ylY '":g(y)=z and fisontofromXtoY,
SxIX "f(x)=y.
Now, gof (x) =g ( f(x))
=gly) [since f(x) = y]
=z [since g(y) = z]
which shows that gof is onto.



Theorem (gof)-1=f-log-1
(i.e) the inverse of a composite function can be expressed in terms of the composition of
the inverses in the reverse order.

Proof.
f: A®Bisoneto one and onto. g: B

® Cis one to one and onto.
gof: A ® Cis also one to one and onto. b
(gof) -1: C ® Ais one to one and onto.

Let a T A, then there exists an element b T b such that f (a) = b b a = f-1(b). Now b
1B b there exists an element c 1 C such that g (b) =c b b = g - 1(c). Then (gof)(a) =
glf(a)] = g(b) = c b a = (gof) -1(c)........ (1)
(f-1log-1)(c)=f-1(g-1(c))=f-1(b)=abPa=(f-1log-1)(c)

....{2) Combining (1) and (2), we have (gof) -
1=f-log-1



Theorem: If f: A ® B is an invertible mapping , thenfo f -
1=IBandf-lof=I1A
Proof: f is invertible, then f -1 is defined by f(a) = b 6 f-1(b) = a
wherealAandbiB.
Now we have to prove that f of -1 = IB
.LetbiBandf-1(b)=a,alA
then fof-1(b) = f(f-1(b))
=f(a)=b
thereforefof-1(b)=b"biB=>fof-1=1IB Now
f-1of(a)=f-1(f(a)) =f-1(b) =athereforef-10
fa)=a"alA=>f-10f=IA. Hence the theorem.

3.4 Recursive Functions:

The term "recursive function" is often used informally to describe any function that is defined
with recursion. There are several formal counterparts to this informal definition, many of which only
differ in trivial respects.

Kleene (1952) defines a "partial recursive function" of nonnegative integers to be any function
that isdefinedbyanoncontradictorysystemofequationswhoseleftandrightsidesarecomposedfrom
(1) function symbols (for example, f, £, &, etc.), (2) variables for nonnegative integers (forexample, t, ¥
, I, etc.), (3) the constant 0, and (4) the successor functionS (x) =x + 1
For example,
flx.=0 (1)

Fl.SON=g(f(x.¥).x) (2)
glx.M=x (3)

gx. S0 = S(glx,y) (4)

Defines ./ (x.¥)  to be the function ¥ ¥ that computes the product of XandY.

Note that the equations might not uniquely determine the value of ffor every possible
input, and in that sense the definition is "partial." If the system of equations determines the value
of f for every input, then the definition is said to be "total." When the term "recursive function" is
used alone, it is usually implicit that "total recursive function" is intended. Note that some authors
use the term "general recursive function to mean partial recursive function, although others use it
to mean "total recursivefunction."

The set of functions that can be defined recursively in this manner is known to be equivalent to
the set of functions computed by Turing machines and by the lambda calculus.
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